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BLG 565 (June 1884)

SAMPLE SIZE REQUIRED TO BE SURE THAT
AN INCREASE OF PERCENT DEFECTIVES BY A FACTOR F WILL BE
LABELLED "SIGNIFICANT” IN 90% OF THE CASES

Summary. - A large. reference sample of standardly
produced items is available.

A new production system 1s suspected of increasing the
proportion of defectives. How much new material do we
need to assess an increase by a factor F of the latter
with confidence (1 -a) and power (1 -8)?

Comparisons are done using hypergeometric distribution.
Tables are given for F = 2 to 12, a= .05, g = .10
and proportions in the reference sample = .001,
.005, .010, .015, .020.

J.L. VAN DER PARREN
BLG 565 (June 1984)

SAMPLE SIZE REQUIRED TO BE SURE THAT
AN INCREASE OF PERCENT DEFECTIVES BY A FACTOR F WILL BE
LABELLED "SIGNIFICANT” IN 90% OF THE CASES

Résumé. - Un grand échantillon. d’éléments obtenus de
fagon standard. est disponible.

Un nouveau systéme de production est suspecté d'ac-

croitre le nombre des défectueux. De quelle guantité de
matériel expérimental nouveau avons-nous besoin pour
établir que ces derniers ont augmenté d'un facteur F
avec un niveau de confiance (1 -o) et une puissance

(1 -8)°?

Les comparaisons sont effectuées & 1'aide de la fonction
hypergéométrique.

Des tables sont fournies pour F =2 & 12, o = .05,

B = .10 et {g; proportions suivantes dans 1’échantillon
de référence’Pt = .001, .005, .010, .015, .020.

J.L. VAN DER PARREN
BLG 565 (June 13884)

SAMPLE SIZE REQUIRED TO BE SURE THAT
AN INCREASE OF PERCENT DEFECTIVES BY A FACTOR F WILL BE
LABELLED "SIGNIFICANT" IN 90% OF THE CASES

Samenvatting. - Een steekproef van standaard gepro-
duceerde elementen is beschikbaar.

Men vreest dat een nieuw produktiesysteem de verhouding
van defekte elementen verhoogt. Hoeveel nieuw materiaal
hebben we nodig om een verhoging met een factor F van
deze laatsten vast te stellen met een vertrouwensniveau
(1 -a) en een macht (1 -8) ?

De hypergeometrische verdeling wordt gebruikt voor de
vergelijking van de verhoudingen.

Tabellen worden gegeven veor F = 2 tot 12, a = .05,
ﬁﬁ= .10 en verhoudingen in de standaard steekproef

?1 = .001, .005, .010, .015, .020.
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1.INTRODUCTION

Suppose we have studied previously the occurrence of an unfreguent event
by examining a large sampie (reference sample).lNow, we wvant to study the
possible increase of the occurrence of this eveat resulting from a modi-
fication we have introduczd. More precisely , ve want to detect almost
surelyf{e.g. with .90 certainty) amn increase of the rare event by a large
factor (e.ge. a factor 5) Whereas a smaller factor e.g. 1.1 does not
interest us (no matter hos real it is).

The large reference sample is already at hand or will be obtained first.
It is cheap and readily available . The new sample ,with the modification
present, will take time,Ed>ney, health or lives and wve wish to keep it as
small as poss;ble. So, the question is : *What is the ainimum new sanple
size required to insure protection against a factor F 2 * .

2.CASE STUDY

A.)An aeroplane coastructor wants to know if a new machine is really
vorse than the presently used one according to the number of crashes per
hour of flight . How many hours should be recorded before one can make
sure that there is no increase exceeding F tismes the old figures ?
B.)Ad drug D1 is known to produce a few unwished side-effects . A new
drug D2 (othetiise satisfactory) is believed to produce amauch more
side-effects.Rhat is the 1inimum sample size to garantee that am increase
—-if present- does not exceed a given factor?
C.) One wvants to know if a drug could be a teratogen {( i.e. cause
abnormalities in progeny ) ‘Usually , cosparisom takes place
between a treated group and a control group { im all points
similar ,except for the nature of the product administrated : drug
or placebo) . Such a strategy looks nice. Practically , owing to limited
experisental material , it will never detect any difference ,but for
the case of an uncommon catastrophe.Precioas information can be gained
by coamparing defectives in stable controls fros previous experimeants
vith defectives in the trzated group (siamultaneous controls are , of
course , necessary)a.
D.) A stable radiation background was measured during a given time ..
%¥hat is the minimum counting time necessary to give us a good chance to
detect a radioactivity as large as twice the background ?

{ The present approach is apparently sophisticated for probleams A. and D.

A Kastenbaua -Bovman test (see their paper )is a more matural way. For

great samples the two tests give however nearly identical significance
levels .)



3. GENERAL SCOPE and RBSULI;

As the second sasple may be small , vwe use here throughont an exact
test : the tail of the hypergeometric distribution . This test:. ,
conditional on. the total aumber of rare eveats , is coamonly used
in the analysis of = 2x2 tables when the samples are small , but
. samples do not need .to be small to make the test valid ( for more
"detail see for instance Kszndall and Stuart(1961) or 0wen(1962) ) -

The use with large samples oaly tegnlres some care in progrannzng s -in
.Jorder to avoid nunerzcal ptoblens. :

Bven in soaewhat guest;onable cases where no more than five events iére
observed in the reference population,one achieves a pover not too ridicu-
~lonsly far. 1rom the .90 goal-value. : ,

The nunmber of ne’ peasurements first drops'dtanatically vhen increasing
‘the size of-the reference sample but ,at some point, the 1n£luence of a
further increase of the latter becomes megligible. L

It should be pointed out that , due to the lack of contihdity, an actual
confidence level guite different from the nominal level of the test is
often achieved {i.e.tail appreciably smaller thathhe stated ALPHA value).

Shen the proportion in the reference group is small enough , the problea
has no solution i.e. ,no matter how large the new saaple, a power of .90
cannot be achieved . We have then to aodify the problem : we can look for
more reference data , satisfy ourself with a lover power ‘or decide
to perform no experiment at all , since this could mot brimg us the
1nfornatzon we des;re. .The' same is true for F.close to 1 .. °

The. sanple sizes appearzag zn the tables suppose . of course , that the
exact test: and no other ¥ill be. used in. conpa:;ng the proportlons.‘

As prev;onsly noted in the llterature (BRITTEH and SCHLESSELMAN (1982)),
it is advisable to use unequal sample sizes, with more data in ‘the group
for which the occurrence of the rare eveamts is lowest , even if both type
of data are equally expensive (in this case, the benefit is an .increased
pover) .BNevertheless , no adequate aids for saample size determination
exist for this type . of praoblem , at least to the author's knowledge.




4.¥O0TATIONS

BE1 : large sample size , fixed

X1 : number of defectives in the large sample size , fixed
fh = X1/N1
N2 : small sample size (to be choosen)

X2 : number of defectives in the small sample ( will result of the
experiment : supposed binomial distribated with parameter P2 )

P2(P) = F-ﬁ? : percent lefectives ve wish to detect with a
probability ( 1 - BETA )

(1-ALPHA)'“: confidence level used in the test

5. PROCEDURE

N1 , X1 and P are given.

M2 is a trial value for tae 'new?! sample.

We have a binomial distribution for X2 : BIN (N2, PZ-F-/\).

Ve can f£ind XS such that for every X2 » XS , I2/N2 is s;gnzflcantly
higher tham X1/N1 , using as test the ta11 of the hypergeometric distri-

bution (exact test) .¥Ne ad]nst N2 so that ¥ = PROB(X2> XS) reaches {(1-BETA)
The dependance of ¥ on N2 is however not continuous: ¥ jnnps vhenever XS
jumps to the next unit . So , two figures are of interest : the smallest

¥2 for wkich the,prohahility of detecting a sigamificant increase is at

least (1-BETA) and the value N2 such that &> (1-BETA) for all larger
new saample sizes . The latter has to be used when saample sizes cannot be

choosen exactly ( e-g.  auamber of foetuses in a teratogenicity study )

6. BIBLIOGRAPH!

¥ILSOKN (1984) refers to EALTEB(1977) who in turna tefers t0 SCHLESSELMAN
(1974) : both samples are planned , the plamned samples are equal and
the normal approximatiom is used...

BRITTAIN & SCHLESSELMAN(1982) point out the econoaical interest of
anequal samples. Their airz is am allocation of a total of N measurements,
optimally with respect to different criteria .They seem not to be avare
of the limits of validity of the normal approximation and indeed use it

in cases where it cannot be accepted ( the half of the power .31 ia
Table 3 , line 1, F=.2 is due to deciding that 1/20 is. significantly-
different froa 0/80 ).

LESESHOW , HOSMER & STEEART (1981) are awvare of shortcorings. of the
aethods comaonly used in planning sample sizes for the coaparisom of
very small proportions .They study egqual sample sizes deteraination.

GOULD (1983) wants to takz into account the fact that P1 and P2 are only
estimated, in planning a aew experiment after a ‘pilot experlnent g;vzng
rough lnfornatzon about both proportzons -




HASEMAN (1978) studies th2 accuracy of the ARCSIN VP method in plaanning
equal sample sizes .

WACHOLDEK and HE;NBERG(I&SZ) give graphs allowing the estimation of the
common sample size needed to achieve a specified power with ALPHA =.05,
using an exact test (not interesting for small percentages :sample sizes
too small)e.

WUERGLER and GRAF (1982) give tables based on the Traut's test .This test
treats the reference pergentage as exactly known.

7.TABLES

Tables 1 and 2 give some illustrations for following observed proportioms
in the reference sasple : «201 , 005 , 010, .015 , .020

and factors ¥ Dbetween 2. and 12.

Table 2 shows that the idza of using unequal samples is not oaly of aca-

demic interest .A drastic reduction in costly smeasuments cam be achieved

and even ,in some cases ,the total number of data required may be reduced
by a non-negligible amount , notwithstaading the use of an exact method .

8. WARNINGS

1. As PV is only estimated , a power of at least .90 is not guaramteed ,
for .2 real increase Ly a factor K = F in population 2 . { The power.

obtained is .84 for a real increase by a factor 6 , N1=1000 , Fi=.005
and .8735 for a real increase by a factor 8 , N1 = 500 , 53 = ,020 ,
by repeated use of table 2's second sample size)

Bounds on the real increase K can be obtainmed as follows.

Let P be the proportion of defectives in sample 1 compared to the tctal
nuaber of defectlves : .

P= P181/(P1N1+P2N2) = N1/ (N1+KN2)

or - K=Ei/N2 (/2 - 1) .

" confidence limits on P=X1/{X1+X2) yield confidence liaits oa Q -

2. Sizes (N1,N2) are NOI intended for an experiment where sampling will
be done BOTH in popuiatioam 1 amd in population 2 .

In such a case, comparison occurs between & /81 and X2/H2 .

f we limit ourself to tue information we have about population 1,

X1 could assume integer vilues - different from X1- produced by different
~ BIN(N1,PHI) where the spactrum of PHI can Lbe obtained from Bayesian
coansiderations

For N1 = 5000 , X1 = and N2 = 3549 , the pover would be only about
«53 in discriminating P71 from P2 = F.P1 , F = 4.




9.CONCLUSIONS

Ir number of cases, the aaximum possible common sample size for simulta-
neous measurements provida2s omnly a weak basis for comparison of the
occurrence of a rare event.This strategy leaves unvished and daagerous
situations undetected.¥hile most of the time ,a reference value for the
standard population is rather well knownm , this information of good
quality is used, at best, for the planning of the experiment.A departure
from the usual stable bebaviour observed in the 'modified! population
.and not in the concommitaat controls (standard population) would mean
early alarr.The sensitivity of the alarm depends on the size of the
sample in the "modified® population.The tables allows the choice of this
size for a given sensitivity (factor of increase of the undesirable
rare phenomenon).The ordec of magnitude of the latter remains often
feasible while that needed for an equal sample size test is not.

J. VAN DER PARREN
CEN - SCK (INFORMATICS)
2400 - MOL - BELGIUM




TABLE 1 -~ TABULATZD : N2 AS A FUNCTION OF N1 , F AND Pi.

1
%ﬁ PERCEBTAGE OF DEFECILVES IN THE REFERENCE SAMPLE
N2 SAMPLE SIZE REQUIRED IN ORDER TO BE ABLE TO DETECT AN INCREASE OF
DEFECTS BY A PACTOR F #Iidi a PEOEABILITY OF AT LEAST .90 , USING AS TEST
THE TAIL OF HYPERGEOMETEIC DISTRIBUTION AT THE .95 LEVEL OF SIGNIFICANCE.

SIZE OF THE REYERENCE SABPLE

0 s e

-NOTE : THE N2 ARE EXACT VALUES . AS THE PROBABILITY OF DETECTION IS KOT
————— A CONTINUOUS PUNCILON OF ‘THE SAMPLE SIZE., A SMALL CHANGE IN N2

CAN. INDUCE AN IMPORTANT JUMP IN THE PROB. OF DETBCTION « THE LATTER
OCCORS WHEE THE CRITICAL §B. OF DEFECTIVES JUMPS TO THE NEXT UNIT .

N1 > 5200 10000 20000
2. - | - 121_1>26000)
2.5 - (11725) 851
i = (10148) . se2s . 4733
| 4 | 3549 2631 2317
v 6. 1331 1112 1112
8. 834 664 664
0. 831 531 531
2. Cwe2 . we2 0 aa2 o

TET =007 1
[ SRR

N2 = 8008 <-> PEOB. OF DETECT. = .8962




B —> 1600 1000 2000 5000 10000
2. - - - 3716 3042%x
2.5 . - - (2342) 1511+ 1420
3. - (1954 1183 945 864
4e (1062) 708 525 462 462
5. 518 369 318 318 318
6. 307 265 221 221 221
7. 227 190 189 151 151
8« 166 166 132 132 132
9. 117 117 117 117 117
10. 105 105 105 105 105

1511 <-> PROB. DETECT.
2921 <~> PROB. DETECT. .

-8987 .
-« 8977

*
*
0 0




A

Ni-> 500 1000 2000
2. - - (2078) ¢
2.5 - (1172) 802
3. {974) 590 471
8. 322m 261 230
5. 184 158 158
6. 132 110 110
7. 94 94 75
8. 82 65 65
3. 58 58 58
10. 52 52 52

1FF =010 |

322 <~> .8993

“w
[

2078 <-> .8998

2

1462 <=> .£6398

[3

BEXT ¥2 IS 353
NEXT N2 IS 2134
NEXT §2 IS 1520

- 5000

136244
709
431
230
132
110

75
65
58
52

10000

1349
661
431
230
132
110

75
65
58 .
52




¥ > 600 1000 2000 5000 10000
2. - (1751) 1162 936+* 860
2.5 / (808)% 59 503 450 480
3. 393 340 287 287 260
4. 174 153 153 153 153%%
5. 105 105 105 88 8s..
6. 73 13 13 73 73,
7. 62 49 . 49 49 49
8. 43 43 43 43 43
9. 38 38 38 38 38
0. 34 3 3 34 - 34

$: 82 = 808 -> PROB. OF DETECT. = .8996 ; NEXT §2 = 839
.898 |

H2 896 -> PROB. OF DETECI.

"
*

(2]
el
g
"

130 -> PEOB. OF DETECT. -8956



N1 ===> 500
2. (2365) *
2.5  (560)

3. 274
4. 130
5. 78
6- 54
7. 46+

8. 32
9. 28
10. 25

&3 H2 = 2365

** : N2'= 36

" # : N2 = 1008

#% : N2 = 7157

$ : B2 = 613

$$ : H2 = 305

1000

(1037) ¢
400
235
114

78
s54
37
32
28
25

- 10 -

2000

757%
353
215
114
65
54
37
32
28
25

I

i ‘ﬁf = :I.-OZO i

-> PLOB.
-> PEOB.

-> PROB..

=> PROB.
-> PROB.
-> PiOB.

‘DETECT.
DETECT.

DETECT.

DETECT.

DETECT.

DETECT.

$

5000

673
330
194
114
65
54
37
32
28
25

.8998

«8967

-8986

6000

645

330

194
114
65
S4
37
32
28
25

10000

6453

3053$

194

98
65
54
37
32
28

©8993: NEXT VALUE = 786

-8965
«8991
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TABLE 2 - TABULATED : N &S A FUNCTION OF K1 , F AND P1

SIZE OF THE REFERENCE SAMPLE

N1 :
P1 : PERCENTAGE OF DEFECTIVES IN THE REFERENCE SAMPLE
¥ : A SAMPLE SIZE X2 > ¥ ALLOSS THE DETECIION OF AN INCREASE OF

DEFECTS BY A FACTOR F WITH A PROBABILITY OF AT LEAST .90 , USING AS TEST
THE TAIL OF HYPERGEOMETRI. DISTRIBUTION AT THE .95 LEVEL OF SIGNIFICANCE.

NOTE : THERE MAY EXIST SMALLER SAMPLE SIZES POR WHICH THE DETECTION

OCCURS "ALREADY IN S0% OF THE CASES BUT THE PROCESS IS NOT
CONTINUOUS AND A SMALL VARIATION - (EVEN AN INCREASE ) OF THE SAMPLE SIZE
. MAY LEAD TO A DETECTION LEVEL LOWER THAN .90 . FOR A SAMPLE SIZE > R ,
THE PROBABILITY OF DETECILION IS AND REMAINS > .90 .THE PRESENT TABLE
SHOULD BE USED WHEN AF EXACT DETERMINATION OF SAMPLE SIZE 1S INMPOSSIEBLE
AT PLANNING TIME (FOR EXAMPLE : A NUHBER OF ANIMALS TO BE BORN) .

Bl => | 5000 10000 20000

2. - = (>20000)

s - pus) | 9439

F Y 3 (>10188 6707 5530

b T dwr 3247 2631

; 6. 1544 1331 1331

8. 834 834 834

o10. - 667 531 531

a0 w2 w2 w2
VBT = 0071 )




] ———

¥1 -=> 600
2. -
2.5 -
3. -
4o (1235)
5. 566
6n 349
7. 263
8 198
9. - 147

10. 132

1009

(2252)

763
463

307

227

165
1w
132

- 12 -

2000

(2613)
1339

587
369

265

190

- 166
147

105

11 =005 |

5000

§161
1793

1025

525
369
265
189
166

117

105

10000

3380
1607
95
525
318
221
189,
166
117
105



VNIf>

2.
2.5

":': v3‘4

4. .
. 5'.
6a .

7a

8.

9.

. - 10e. .

500

383

N ."(10_50‘)"; =

209

153
113
82
73

- 13-

1000

.65 .

(12607

668
292

18

132
94
82
58

2000

(2300)
895
511

261

131

9

82
58
.52

188

5000

1632 -
756
471

261

110
‘94
82
58

.52

158

10000

756

471
© 26

158
 a1q
"9y
65
58
.52
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N1 -> 600 1000 2000 5000 10000
2. - (1861) 1236sx 1012 974
2.5 (929) 688 565 503 472
3. 445 366 340 314 | 314
4. 194+ 196 178 78 178
s. 122 122 105 105 105

6 Y 87 73 73 73
1. 62 62 62 62 62
8. 5y 54 54 54 43
9. 38 38 38 8 38
10 34 34 w34 38

2 > 194 -> PROB. OF DETECT. > .90 EXCEPT FOR N2=213 -> .8970

§2=1271

N2 > 1236 => PROE. OF DETECT. > .90 EXCEPT POR N2=1270 -> .8975
' | §2=1272 -> .8992
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§1 —=> 500 1000 2000 5000 6000 . 10000
2. (2579) (1148) 842 730 730 701
2.5 (628) 446 401 . 358 353 353
3. 313 255 235 235 235 215e
[ 15 130 130 114 114 114
5. 91 78 78 78 718 78
6- 65 65 . sa& 54 54 54
7. 46 46 a6 46 37 37
8. a0 40 32 32 32 32

9. .. 28 28 28 28 28 28
10. 25 25 25 25 25 25

i ﬂ‘”= .020 |
1. . i

* : EXCEPT 234 -> PROB. OF DETECT. = .8996



TABLE 3 - SAMPLE SIZES ( OME-SIDED TEST - ALPHA = .05 -

-

- 16 -

BETA = .10)

EXACT HIPERG.

OPTIMAL ALLOCATION FOR THE COHPARISOE OF PROPORIIONS

BIOMETRICS 38, 1003-1009

COCHRAN ¥.6. AND COX,Gele

(1957)

EXPERINENTAL DESIGHS = 2.21&

HILE! ~HEW !ORK

GOULD ,A.Le (1983)

SCHLESS. OWEN SAFE HYPERG.
$1=.005,FP=2  N= 5097 N=4956 N1=5000->§2=3716 H§1=5000->N2=4161
o 7 2N=10198  2N=9912 B1+82=8716 H1+§2=9161
$3=.005,F=5 N= 631 B= 554 N1=600->H2=518  N1=600->H2=566
2§=1262 28=1108 N1+§2=1118 ¥1+82=1166
$3=.010,F=2 §=2528 E=2460 N1=2000->§2=2078 N1=2000->§2=2300
2N=5056 2N8=4920 N1+82=4078 H1+82=04300
£Y=.010,F=2.5 N=1307 ¥=1247 §1=1000->82=1172 H1=1000->N2=1260
2§=26 14 2H=2494 F1+482=2172 H1+§2=2260
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APPENDIX : PROGRAHS

Programs vere writtenm in FORTRAN .
- LEYPERG computes the TALL OF THE HYPERGEONETIC PONCTION .
- KASBOWV perforas THE KASTENBAUN-BOWMAN TEST.

No numerical problems occured with these routinmes .
{The KasBov program of Wuzrgler and Berchtold (1982) gives troubles).

-PLANPROP finds a value of the second sample size for which planmed power
lies betveen linits close to .90 :

-VERIPRO allows the variation by constant steps of the second sample size
and shows hovw the planned power depends om this variation . .

-SCHLES computes the comas>n sample size required for detecting ,with a
given probapility an incrzase by a given factor B between populatior 1
and population 2 ,the proportion in population 1 being estimated fros a
PREVIOUS experience.This previous information will not be used in the
test vhich will compare proportions obtained from the planned EQUAL
samples .The NORMAL approzimation is used in SCHLES. , .

-COBPROP is similar to SCHALES except it uses the ARCSIN VP approximatiom.

THE PROGRAMS CAN BE OBTAILMED FROM THE AUTHOR.




' ERRATUM to BLG 565

»F:p,6iiine¥13p: plécé'én aéterisk'(¥) next’ to: 8514.
B p.7 linetiQ f in column N1=600 and. for F=9

_ thé'vé;uebof N2 is 147 and not 117 as prlnted.
[p,1271ihé”5" in column N1 - 1000 and for F=4, N_
At“{‘could be read as 763, it.should read: 768.

v'ﬂEKéZWOfds‘:_cogt and_gfficiency






